Abstract. An operator T on a Banach space is called 'semi B-Fredholm' if for some n 2 N the range RðT n Þ of T n is closed and the induced operator T n on RðT n Þ semi-Fredholm. Semi B-Fredholm operators are stable under finite rank perturbation, and subject to the spectral mapping theorem; on Hilbert spaces they decompose as sums of nilpotent and semi-Fredholm operators. In addition some recent generalizations of the punctured neighborhood theorem turn out to be consequences of Grabiner's theory of 'topological uniform descent'.
1. Introduction. The first author [1] has studied B-Fredholm operators on Banach spaces, defined as operators for which some power T n has closed range RðT n Þ, on which the restriction T n is Fredholm, in the sense of having null space NðT Þ of finite dimension ðT Þ and range RðT Þ of finite codimension ðT Þ; the difference indðT Þ ¼ ðT Þ À ðT Þ is known as the index. In this note we extend our study to ''semi B-Fredholm '' operators, for which T n is either upper or lower semiFredholm, in the sense that either NðT Þ is finite dimensional and RðT Þ closed, or RðT Þ is closed of finite codimension. We shall see that the semi B-Fredholm operators SBFðX Þ on a Banach space X in general properly contain the semi-Fredholm operators SFðX Þ and we prove that each semi B-Fredholm operator is a quasiFredholm operator in the sense defined by Mbekhta and Muller in [10] , a definition which coincides with the definition given in the case of operators acting on a Hilbert space by Labrousse in [9] . Conversely a quasi-Fredholm operator for which there exists an integer n such that NðT Þ \ RðT n Þ is of finite dimension or NðT n Þ þ RðT Þ is of finite codimension is a semi B-Fredholm operator.
In Theorem 2.6 and in the case of operators acting on a Hilbert space H we prove that T 2 LðHÞ is a semi B-Fredholm operator if and only if T ¼ Q È F, where Q is a nilpotent operator and F is a semi-Fredholm operator. But we do not know if this characterization is still valid in the case of operators acting on a Banach space. In Proposition 2.7, we prove that if T 2 LðX Þ is a semi B-Fredholm operator and if F 2 LðX Þ is a finite dimensional operator then T þ F is also a semi B-Fredholm operator.
In the third section we consider some recent generalizations of the ''punctured neighborhood theorem'' obtained by Schmoeger [12] , Harte [4] and Harte and Lee [5] , and we show that those generalizations are a particular case of a result of Grabiner on operators of topological uniform descent [3, Theorem 4.7] . For definitions and properties of operators of topological uniform descent we refer the reader to the paper of Grabiner [3] .
In the fourth section we prove a spectral mapping theorem for semi B-Fredholm operators, more precisely in Theorem 4.5, for T 2 LðX Þ and f an analytic function on the usual spectrum ðT Þ of T, which is non-constant on any connected component of ðT Þ, we prove that f ð SBF ðT ÞÞ ¼ SBF ð f ðT ÞÞ, where SBF ðT Þ ¼ f 2 C=TÀ I 6 2 SBFðX Þg.
In the sequel if E and F are two vector spaces, the notation E ' F will mean that E and F are isomorphic. If E; F are vector subspaces of the same vector space H we shall write E ¼ e F if there exist two finite dimensional vector subspaces
Properties of semi B-Fredholm operators
Proposition 2.1. Let T 2 LðX Þ. If there exists an integer n 2 N such that RðT n Þ is closed and such that the operator T n is an upper semi-Fredholm (resp. a lower semiFredholm) operator, then RðT m Þ is closed, T m is an upper semi-Fredholm(resp. a lower semi-Fredholm) operator, for each m ! n. Moreover, if T n is a Fredholm operator, then T m is a Fredholm operator and indðT m Þ ¼ indðT n Þ for each m ! n.
Proof. As T n : RðT n Þ ! RðT n Þ is a semi-Fredholm operator, then for each m ! n the operator T mÀn n : RðT n Þ ! RðT n Þ is also a semi-Fredholm operator. Hence RðT mÀn n
Þ is closed, T m is an upper semi-Fredholm operator. In the same way, if T n is a lower semi-Fredholm operator, then ðT n Þ < 1. As RðT n Þ ¼ RðT nþ1 Þ, there exists a finite dimensional subspace F of RðT n Þ such that Remark. Let T 2 LðX Þ be a semi B-Fredholm operator and n any integer such that RðT n Þ is closed and T n is a semi-Fredholm operator. Then we can define the index indðT Þ of T as the index of the semi-Fredholm operator T n . From Proposition 2.1, this definition is independent of the choice of the integer n. Furthermore if T is a Fredholm operator this reduces to the usual definition of the index.
Then the degree of stable iteration disðT Þ of T is defined as disðT
In the sequel QFðdÞ will denote the set of quasi-Fredholm operators of degree d. Proof. Suppose that T is a semi B-Fredholm operator, and let n 2 N be such that RðT n Þ is closed and the operator T n is a semi-Fredholm operator. If T n is an upper semi-Fredholm operator, then
Remark. It is easily seen that this definition is equivalent to the definitions given by Mbekhta and
Since dimðNðT Þ \ RðT n ÞÞ < 1, the sequence ðNðT Þ \ RðT p ÞÞ p is a stationary sequence for p large enough. This shows that d ¼ disðT Þ 2 N, and dimðNðT Þ \ RðT d ÞÞ < 1. As RðT m Þ is closed for each integer m ! n, using [10, Lemma 12] we deduce that RðT m Þ is closed, for each integer
ÞÞ is a closed subspace of X. Consequently T 2 QFðd Þ with dimðNðT Þ \ RðT d ÞÞ < 1. In the same way if T n is a lower semi-Fredholm operator, then ðT n Þ ¼ dim X RðT ÞþNðT n Þ < 1. Hence the sequence ðRðTÞ þ NðT p ÞÞ p is a stationary sequence for p large enough. Since Conversely, since T 2 QFðdÞ, RðT n Þ is closed for each n ! d . Moreover, as
, the operator T d is an upper semi-Fredholm (resp. a lower semi-Fredholm) operator. Hence T d is a semi-Fredholm operator and T is a semi B-Fredholm operator.
As each semi B-Fredholm operator acting on a Hilbert space is a quasi-Fredholm operator in the sense of Labrousse [9] , using the Kato decomposition defined in [9] , we give now a fundamental characterization of semi B-Fredholm operators in the case of Hilbert spaces. If T is a lower semi B-Fredholm operator, then there exists a finite dimensional subspace F of H such that H ¼ F È RðT jM Þ È N. Let P M : H ! M be the linear projection along N onto M. Then M ¼ P M ðFÞ þ RðT jM Þ. This shows that RðT jM Þ is of finite codimension in M. Hence RðT jM Þ is closed and T jM is a lower semi-Fredholm operator.
Conversely suppose that H ¼ M È N with the conditions (i) and (ii) satisfied. Since T jM is a semi-Fredholm operator, then RðT d Þ ¼ RððT jM Þ d Þ is closed in M, and so it is also closed in H and T d ¼ ðT jM Þ d . Using Propsition 2.1 and the fact that T jM is a semi-Fredholm operator we see that T d is a semi-Fredholm operator and so T is a B-Fredholm operator.
Setting T jN ¼ Q; T jM ¼ F, we see that T ¼ Q È F, where Q is a nilpotent operator and F is a semi-Fredholm operator.
Proposition 2.7. Let T 2 LðX Þ be a semi B-Fredholm operator and let F 2 LðX Þ be a finite dimensional operator. Then T þ F is also a semi B-Fredholm operator.
Proof. We know from [8] that T þ F is a quasi-Fredholm operator. Let n 2 N be such that n ! maxðdisT; disðT þ FÞÞ. If T is an upper semi B-Fredholm operator, then we have NðT Þ \ RðT n Þ is of finite dimension. As ðNðT þ FÞ \ RððT þ FÞ n ÞÞ ¼ e NðT Þ \ RðT n Þ, it follows that NðT þ FÞ \ RððT þ FÞ n Þ is of finite dimension. Hence T þ F is a semi B-Fredholm operator.
If T is a lower semi B-Fredholm operator, then is of finite dimension . Hence T þ F is a semi B-Fredholm operator.
Remark. We mention that a result of Poon [[11] , Theorem 10] shows that for a semi B-Fredholm operator T, lim n!1 ðT n Þ 1=n exists, where ðTÞ is the reduced minimum modulus of T, and this limit is equal to the stability radius of T. For more details see [11] .
3. On Grabiner's punctured neighborhood theorem. In [3] Grabiner has defined and studied a class of linear operators acting on a Banach space called operators of topological uniform descent. Among other things Grabiner has proved the following theorem [3, Theorem 4.7] .
Theorem 3.1. Suppose that T is a bounded operator with topological uniform descent for n ! d on the Banach space X, where n; d 2 N, and V is a bounded operator that commutes with T. If V À T is sufficiently small and invertible, then (i) V has closed range and uniform descent for p ! 0,
From this theorem we obtain easily the following Corollary. Proof. As T is an operator of topological uniform descent, RðV Þ is closed by Theorem 3.1. Since dim
This proves the Corollary.
As a semi B-Fredholm operator is an operator of topological uniform descent, Corollary 3.1 gives a punctured neighborhood theorem for semi B-Fredholm operators. We see also that Corollary 3.1 generalizes the punctured neighborhood theorem stated in the case of semi-Fredholm operators in [7, Theorem 3 and Theorem 5] .
(i) If there exists an integer n 2 N such that RðT n Þ \ NðT Þ is of finite dimension and RðT n Þ þ NðT Þ is closed, then T is an upper semi B-Fredholm operator.
(ii) If there exist an integer n 2 N such that RðT n Þ þ NðT Þ is of finite codimension, then T is an operator of topological uniform descent.
(iii) If there exist an integer n 2 N such that RðT n Þ þ NðT Þ is closed and RðT n Þ \ NðT Þ ¼ RðT m Þ \ NðTÞ, for all m ! n, then T is an operator of topological uniform descent.
Proof. (i) Suppose that there is an integer n 2 N such that RðT n Þ \ NðT Þ is of finite dimension and RðT n Þ þ NðT Þ is closed. To prove that T is an upper semi BFredholm operator, it is enough to prove that RðT n Þ and RðT nþ1 Þ are closed. As RðT n Þ \ NðT Þ is of finite dimension, there exist a finite codimensional closed subspace E of NðT Þ such that NðT Þ ¼ RðT n Þ \ NðT Þ È E. We know that RðT n Þ, equipped with the operator range topology, is a Banach space continuously imbedded in X. Consider the map S :
As S is continuous and onto, from the open mapping theorem it is bicontinuous. Hence SðRðT n Þ Â f0gÞ ¼ RðT n Þ is closed in RðT n Þ þ NðT Þ, and so RðT n Þ is closed in X. Moreover as RðT Þþ NðT n Þ ¼ ðT ðnÀ1Þ Þ À1 ðRðT n Þ þ NðT ÞÞ, we see that RðT Þ þ NðT n Þ is a closed subspace of X. Since RðT n Þ is also a closed subspace of X, by [7, Lemma 331] it follows that RðT nþ1 Þ is a closed subspace of X. We see then that in all those cases, the operator under consideration is an operator of topological uniform descent. By Corollary 3.2 we obtain the desired result. Proof. (i) ) (ii). Suppose that T is a semi B-Fredholm operator, and let d ¼ disðT Þ, then Proposition 2.1 shows that RðT md Þ is a closed subspace of X and the operator T md is a semi-Fredholm operator. Hence ðT m Þ d ¼ ðT md Þ m is also a semiFredholm operator, so that T is a semi B-Fredholm operator.
(ii))(iii). This is obvious. (iii))(i). Suppose that T m is a semi B-Fredholm operator, for some integer m > 0. Hence there exists an integer n such that RðT nm Þ is closed and the operator ðT m Þ n : RðT nm Þ ! RðT nm Þ is a semi-Fredholm operator. Since ðT mn Þ m ¼ ðT m Þ n , we see that ðT mn Þ m is a semi-Fredholm operator. Hence T mn is also a semi-Fredholm operator and T is a semi B-Fredholm operator. 
